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The development of the concept of indistinguishability in the writings of Gibbs is traced, leading
from the “Gibbs paradox” to his definition of generic phase.

L. INTRODUCTION

This is the first of two papers that reexamines the place of
indistinguishability and identicality in the foundations of
quantum theory. The principle of identicality is defined as
the hypothesis that each fundamental class of physical
states is composed of completely indistinguishable entities
which can be characterized by certain exactly equal observ-
able parameters (such as mass or charge). The question of
identicality in the context of statistical mechanics with spe-
cial attention to the so-called Gibbs paradox is considered.
A close examination of Gibbs’ writings shows the way in
which Gibbs introduced a basic notion of identicality in his
concept of generic phase. In the following paper, the
further historical development of the question will be ex-
amined, especially in Planck’s work.

I1. GIBBS’ EARLIER CONSIDERATION OF
IDENTICAL GASES

The origins of the fundamental question of whether
there can be identical entities in the world seem to lie in
Greek thought.! The question already is considered by Ar-
istotle and is significant for the early atomists. By the early
19th century Dalton had written that “the ultimate parti-
cles of all homogeneous bodies are perfectly alike.”? Yet
Boltzmann emphasized that the distinguishability and con-
tinuity of motion of each material point should be the ““first
fundamental assumption” of mechanics.® Since then,
many writers have pointed to what is usually called the
Gibbs paradox as a telling case in which considerations of
identicality have important physical consequences. The
unfolding of this matter in Gibbs’ thought over a quarter of
a century is not so well known. His sustained consideration
of it reveals an essential problem important for quantum
theory.

Gibbs first mentions this matter (which he never calls a
“paradox”) in his seminal paper of 1876, On the Equilibri-
um of Heterogeneous Substances.* He calculates the in-
crease of entropy when two different gases, each initially
occupying volume ¥ /2 (at the same pressure p and tem-
perature T') and separated by an impermeable membrane,
are allowed to diffuse together into the whole volume ¥
when the membrane is removed. The result is
(pV /T) In 2.° The question ensues if the two gases on ei-
ther side of the membrane are now made to be identical.
For then it is evident that the entropy must not change
when the membrane is removed.

How does Gibbs react? It is noteworthy that this situa-
tion does not amount to a “paradox” for him since he goes
on to note a sharp distinction between the cases of identical
and nonidentical gases:

When we say that when two different gases mix by diffu-
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sion, as we have supposed, the energy of the whole re-
mains constant, and the entropy receives a certain in-
crease, we mean that the gases could be separated and
brought to the same volume and temperature which they
had at first by means of certain changes in external bo-
dies, for example, by the passage of a certain amount of
heat from a warmer to a colder body. But when we say
that when two gas-masses of the same kind are mixed
under similar circumstances there is no change of energy
or entropy, we do not mean that the gases which have
been mixed can be separated without change to external
bodies. On the contrary, the separation of the gases is
entirely impossible. We call the energy and entropy of
the gas-masses when mixed the same as when they were
unmixed, because we do not recognize any difference in
the substance of the two masses. So when gases of differ-
ent kinds are mixed, if we ask what changes in external
bodies are necessary to bring the system to its original
state, we do not mean a state in which each particle shall
occupy more or less exactly the same position as at some
previous epoch, but only a state which shall be undistin-
guishable from the previous one in its sensible proper-
ties. It is to states of systems thus incompletely defined
that the problems of thermodynamics relate.®
Thus it seems that the two cases “‘stand on a different foot-
ing” (in his words) and the sense of paradox is absent from
his account. Yet the final sentences show Gibbs already
considering what shall be the properties of the subsequent
state of a system ‘““‘undistinguishable ... in its sensible prop-
erties” from a prior state. This state will emerge much later
as Gibbs’ notion of generic phase.
Gibbs’ further comments reveal the way in which the
matter refuses to be dismissed from his mind:
But if such considerations explain why the mixture of
gas-masses of the same kind stands on a different footing
from the mixture of gas-masses of different kinds, the
fact is not less significant that the increase of entropy due
to the mixture of gases of different kinds, in such a case as
we have supposed, is independent of the nature of the
gases.
That is, the difference between the two cases (the gases
identical or not) which makes them seem quite dissimilar is
outweighed in his mind by the way his expression for the
change of entropy does not depend on the nature of the
gases in any way. He goes on to speculate on the nature of
the possibile dissimilarity between atoms in a way that will
be very significant:
Now we may without violence to the general laws of
gases which are embodied in our equations suppose oth-
er gases to exist than such as actually do exist, and there
does not appear to be any limit to the resemblance which
there might be between two such kinds of gas.
Here, then, emerges the central question: Is it possible
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for atoms to differ in any amount whatever, perhaps even
only infinitesimally, or is there a “limit” to such resem-
blance? We note that Gibbs himself seems to assume the
first of these possibilities, that the properties of atoms are
continuously variable. But it is most interesting that, in his
mind too, the question has at least been broached (note his
circumspect use of “appear”), even though here he has not
yet departed from the classical conclusion. As he contin-
ues, the matter refuses to be settled simply:

But the increase of entropy due to the mixing of given

volumes of the gases at a given temperature and pressure

would be independent of the degree of similarity or dissi-
milarity between them.
His further remarks show him thinking more and more
probingly about the exact meaning of similiarity between
atoms:

We might also imagine the case of two gases which
should be absolutely identical in all the properties (sensi-
ble and molecular) which come into play while they ex-
ist as gases either pure or mixed with each other, but
which should differ in respect to the attractions between
their atoms and the atoms of some other substances, and
therefore in their tendency to combine with such sub-
stances.

Here Gibbs considers whether two atoms can be identi-
cal in themselves but differ in their interactions—i.e.,
whether the source might be separated from its field. This
interesting conjecture is at variance with the view espoused
by Maxwell and Faraday which subsumes the source com-
pletely in the field and which does not allow two identical
sources to have variant fields.” This conjecture also raises
the deepest concerns about whether identicality is essen-
tially a characteristic of the material source in itself (apart
from its interactions) or whether it also embraces all the
interactive manifestations of the atom. One reads on with
considerable curiosity to see in what light Gibbs will view
his own suggestion:

In the mixture of such gases by diffusion an increase of

entropy would take place, although the process of mix-

ture, dynamically considered, might be absolutely iden-

tical in its minutest details (even with respect to the pre-
cise path of each atom) with processes which might take
place without any increase of entropy. In such respects
entropy stands strongly contrasted with energy. Again,
when such gases have been mixed, there is no more im-
possibility of the separation of the two kinds of mole-
cules in virtue of their ordinary motions in the gaseous
mass without any especial external influence, than there
is of the separation of a homogeneous gas into the same
two parts into which it has once been divided, after these
have once been mixed. In other words, the impossibility
of an uncompensated decrease of entropy seems to be
reduced to improbability.
First it seems that Gibbs indeed recognizes that identicality
must extend to the interactions as well as to the sources, for
in his hypothetical case he concedes that identical sources
with variant fields will still lead to an increase in entropy
and hence are essentially distinguishable in nature (also
confirmed by the thought experiment of reseparating the
constituent gas masses). The unspoken conclusion is that
the distinguishability of atoms lies as much in their interac-
tions as in the material characteristics of the central source,
an observation that emphasizes the irreducible and funda-
mental aspects of identicality which will return in quantum
theory.
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Gibbs emphasizes the contrast between energy and en-
tropy by way of showing how the question of distinguisha-
bility is really raised only in the context of entropy, which
he considers an essentially statistical concept, and not in
the context of energy, which has no regard to the distinct-
ness of the atoms considered and is not inherently statisti-
cal. Here is a foreshadowing of the statistical character of
quantum theory, especially in Planck’s earliest formula-
tions of the quantum hypothesis from considerations of
entropy.

Finally, Gibbs notes that “there is perhaps no fact in the
molecular theory of gases so well established as that the
number of molecules in a given volume at a given tempera-
ture and pressure is the same for every kind of gas whenin a
state to which the laws of ideal gases apply.” At this point,
Gibbs passes from purely thermodynamic considerations
to reiterate its bearing on the atomic theory of matter. If
this theory is to apply to gases, then in interdiffusing gases
“the increase of entropy is therefore determined by the
number of these molecules [i.e., by p¥' /T] and is indepen-
dent of their dynamical condition and of the degree of dif-
ference between them.” Though it is not explicitly stated,
Gibbs seems to be saying that there are only two possible
cases for atomic matter: Either the atoms are exactly iden-
tical or they are not. The result he has obtained for the
entropy of gases in these two cases indicates that there is a
discontinuity between these two cases.

I11. GIBBS’ LATER CONSIDERATION OF
IDENTICALITY

Gibbs next addresses this issue 25 years later in the final
pages of his famous Elementary Principles in Statistical Me-
chanics.® By the date of 1901 attached to Gibbs’ preface,
we realize that this work is notably simultaneous with
Planck’s first statements on the quantum hypothesis. In-
deed, as a biographer remarks, these pages of Gibbs are the
“crowning achievement” of a work which itself was “a fit-
ting capstone to Gibbs’ scientific career.”” Both the sub-
title of the work and Gibbs’ preface show his concern to
give a “rational foundation” for thermodynamics, and they
show the essential significance he attached to clarifying the
nature of the concept of entropy. Following Newton’s very
words, Gibbs writes:

Moveover, we avoid the gravest difficulties when, giving

up the attempt to frame hypotheses concerning the con-

stitution of material bodies, we pursue statistical inquir-
ies as a branch of rational mechanics. In the present state
of science, it seems hardly possible to frame a dynamical
theory of molecular action which shall embrace the phe-
nomena of thermodynamics, of radiation, and of the
electrical manifestations which accompany the union of
atoms. Yet any theory is obviously inadequate which
does not take into account of all these phenomena. '
In this context, he mentions the then current difficulty con-
cerning the degrees of freedom of a diatomic gas, which
were expected, classically, to number six, but which, ex-
perimentally, seemed only to number five. It is striking that
this very difficulty and the physical problems he has just
enumerated are those that quantum theory will address.

In echoing Newton’s phrase Aypotheses non fingo Gibbs
clarifies the importance of rectifying questions concerning
entropy. For if we defer the difficult problem of the true
nature of the fundamental forces, we are left facing the
immediate problem of making rational the macroscopic
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quantities (such as entropy) we use to describe their mani-
festations. As Gibbs goes on to say wryly:

Here, there can be no mistake in regard to the agreement
of the hypotheses with the facts of nature, for nothing is
assumed in that respect. The only error into which one
can fall, is the want of agreement between the premises
and the conclusions, and this, with care one may hope, in
the main, to avoid.

Having thus clarified that his endeavor concerns a mat-
ter of reason rather than empirical certainty, he reserves to
the final chapter the question of applying his approach to
“systems composed of a number of entirely similar parti-
cles, or, it may be, of a number of particles of several kinds,
all of each kind being entirely similar to each other.” He
wished “to separate sharply the purely thermodynamic
laws from those special modifications which belong rather
to the theory of the properties of matter.” The question
remains whether his consideration of “‘entirely similar par-
ticles” represents the pinnacle of Gibbs’ reasoning or the
point beyond which his reasoning can proceed no further
without invoking an hypothesis about “the constitution of
material bodies.” Though this question is not fully decid-
able, we suggest that propounding “entirely similar parti-
cles” entails framing a hypothesis of great significance, one
that will bear crucially on the properties of matter.

The first point that he considers is how to speak of the
“phases” of such systems, by which he means “conditions
with respect to configuration and velocity” (the modern
“phase space”). Here, the question of counting the config-
urations of the identical particles comes to the fore:

If two phases differ only in that certain entirely similar

particles have changed place with one another, are they

to be regarded as identical or different phases? If the
particles are regarded as indistinguishable, it seems in
accordance with the spirit of the statistical method to
regard the phases as identical.
One notes that, in his use of the telling phrase “entirely
similar,” Gibbs has set aside any possibility of the sort he
entertained in 1876 that the particles might somehow be
similar in themselves but differ in their fields. This con-
firms the stronger sense of identicality that he had adum-
brated in his earlier work. Gibbs goes on to call the phase of
the system in which the exchange of similar particles is
regarded as changing the phase the specific phase, while the
phase in which such exchanges are not regarded as chang-
ing the phase the generic phase. By his last statement, he
clearly indicates that the generic phase is the physically
significant one. Here is the crucial step, for the number of
specific phases of n,,n, ,n5,... identical species of particles
in a given generic phase is given by 7, !n,!n,! - -. Because of
this factor the entropy of the gas divided by a membrane
will not increase when the membrane is removed, although
Kastler has noted that this factor is only true in the classi-
cal limit and thus is only the beginning of a more general
quantum consideration.!! However, Gibbs’ articulation of
the concept of generic phase and his hypothesis that only it
has physical significance gave an enhanced status to his
notion of “entirely similar particles.”” Henceforward, true
and complete indistinguishability is the key to a proper
statistical mechanics and thus is the evident path that the
physics of the atom must take.

Gibbs emphasized that, even though the atoms in a given
system are quite indiscernible, the different members of a
Gibbsian ensemble are perfectly distinct and can be indi-
vidually labeled. As Schrédinger later emphasized, this ap-
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proach separates ingeniously the question of the indistin-
guishability of the atoms from the individuality of the
members of the ensemble.'? It is a great tribute to Gibbs’
sagacity that, in choosing this approach, he left the way
open for quantum statistics. Indeed, he went sufficiently
far in that direction by his considerations regarding indis-
tinguishability so that the edifice of his work still stands
today.!?

IV. A BRIEF SURVEY OF WRITINGS AFTER
GIBBS

Though we have only considered Gibbs’ own arguments
in this paper, it should be noted that controversy over the
nature and resolution of the “paradox” has not ceased. Von
Neumann showed that, in quantum theory, the entropy
change between gases may be made to vanish continuously
if the gases concerned differ only in their quantum states
and if the difference between the states were made to vanish
continuously. Klein has discussed this approach and given
examples; Landé used it in his reformulation of quantum
theory.'* On the other hand, Bridgman argued that there is
a necessary discontinuity in the operational approach to
distinguishable as opposed to indistinguishable particles;
Boyer amplified this approach to include the times re-
quired for such mixing processes and Rosen has discussed
the general problem of determining operationally whether
systems are identical.'”> Landsberg and Tranah have ar-
gued that the arguments of Bridgman and Boyer are not
sound since a quasicontinuous sequence of states can be
constructed, which go from distinguishable to indistin-
guishable gas systems, even though the act of making the
particles indistinguishable is discontinuous.'®

A particularly important insight stems from the work of
Ehrenfest and Trkal, who questioned the presumption that
entropy must be an extensive quantity which underlies
most modern resolutions of the paradox.!” They pointed
out that no reversible process can generate changes in the
number of gas particles and hence that the entropy differ-
ence in such cases is not clearly defined. With this in mind
van Kampen argued that quantum mechanics has no bear-
ing on the paradox, which he asserts can be resolved even in
classical theory through a purely operational definition of
indistinguishability; this argument was also stated tren-
chantly by Grad much earlier.'® Such a definition depends
wholly on the decision of the observer as to what shall
count as “identical.” This line of argument has been fol-
lowed to argue that although identical states seem inherent
to quantum theory, there remains the operational possibil-
ity for the experimenter to ignore the difference between
gases. Thus van Kampen has argued that “the Gibbs para-
dox is no different in quantum mechanics, it is only less
manifest.” Although the correct factor of 1/s! emerges nat-
urally in the quantum mechanical treatment of the parti-
tion function, Ehrenfest and Trkal already realized that
one could always bring the partition function into its old
form by weighting each state by a factor of n!, which is
artificial though legitimate.'* Home and Sengupta have
extended these arguments to adduce a continuous depen-
dence of thermodynamic properties on a distinguishability
parameter.”® However, Dieks and van Dijk have pointed
out that if the quantum states are not orthogonal an en-
tropy of mixing cannot be strictly defined because such
mixing is irreversible.?' This would restrict the complete
generality of the arguments put forward by von Neumann
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and would support the contention that the Gibbs paradox
is not fundamentally alleviated by quantum mechanics.

Although van Kampen has described the arguments of
Gibbs as “somewhat mystical” it remains clear that they
drew Gibbs to fundamental considerations of indistingui-
shability which remain of central importance. In the fol-
lowing paper, we shall consider how Planck, de Broglie,
Schrédinger, and Einstein picked up the threads of these
considerations and how they affected the formation of
quantum theory.
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